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Introduction

Credit risk refers to the risk due to unexpected changes in the credit quality of a counter

party or issuer. The creditworthiness of a potential borrower affects the lending decision, the

firm’s cost of capital, the credit spread, and the prices and hedge ratios of credit derivatives,

since it is uncertain whether the firm will be able to fulfill its obligation.

The credit risk modeling has developed rapidly over the past few years to become a key

component in the risk management systems at financial institutions. The Basel Committee has

been urging banks to develop internal systems and models to measure and manage their credit

risk exposure.

Models of credit risk measurement have focused on the estimation of the default

probability of firms, since it is the dominant source of uncertainty in the lending decision.

In fixed income analysis they are also used in the pricing of credit risky debt instruments.

For modeling credit risk, two classes of models are mostly used: structural and reduced

forms. Structural models that go back to Black-Scholes (1973) and Merton (1974) consider

corporate liabilities as contingent claims on the assets of the firm and often assume that default

occurs when the firm asset value hits a lower barrier, whereas reduced form models use a hazard

rate framework to model default. These models are not disconnected as is commonly supposed,

but rather that they are really the same model containing different informational assumptions.

Structural models assume complete knowledge of very detailed information which implies that a

firm’s default time is predictable. In contrast; reduced form models assume knowledge of less

detailed information which make the firm’s default time in most case inaccessible. Therefore, the

key distinction between structural and reduced form models is not in the characteristic of the

default time, but in the information set available to the modeler. Indeed, structural models can be

transformed into reduced form models as the information set changes and becomes less refined,

from that observable by the firm’s management to that which is observed by the market.

In this paper, I will focus on the quantification of credit risk. I will discuss a number of

different approaches to estimating the probability that a company will default. Chapter 1

describes in details the theoretical foundations of the structural models in credit risk

measurement starting by the original Merton Model (1974) and presenting some of its
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extensions. Chapter 2 describes two of the main important reduced form models: The Jarrow-

Turnbull model and The Duffie-Singleton model. Details about some commercial credit risk

models are reported in Chapter 3. In Chapter 4, I discuss the estimation of the portfolio credit

risk based on correlations and copulas method.

Chapter I: Structural Models

Over the last 4 decades, a large number of structural models have been developed to estimate and

price credit risk. The philosophy of these models, which goes back to Black-Scholes (1973) and

Merton (1974), is to consider corporate liabilities (equity and debt) as contingent claims on the

assets of the firms. Another common name is Merton models because it was Robert C. Merton

(1974) who first applied option theory to the problem of valuing a firm’s liabilities in the

presence of default and limited liability.

From economic reasoning, we identify conditions under which we expect borrowers to default

and then estimate the probability that these conditions come about to obtain an estimate of the

default probability. For limited liability companies, default is expected to occur if the asset value

(i.e. the value of the firm) is not sufficient to cover the firm’s liabilities according to this

equation:

Asset value=Value of equity + Value of liabilities

The value of the equity is negative if the asset value is less than the liabilities value. Because

shareholders own something with negative value, they can give it away at no cost. They exercise

the walk-away option that they have because of limited liability and leave the firm to the

creditors. The firm is in default because creditors’ claims are not fully covered. The walk-away

option can be priced with standard approaches from option pricing theory.

Structural models have also considered many assumptions: interest rates both as non-stochastic

processes (Black & Cox (1976), Geske (1977) and Leland & Toft (1996) and as stochastic

processes (Nielsen et al. 1993, Longstaff & Schwartz 1995 & Santa Clara 1997).

The exercise is carried out in the context of two “endogenous default” models, those developed

in Leland and Toft (1996) and Anderson, Sundaresan and Tychon (1996), and three “exogenous

default” frameworks, developed in Longstaff and Schwartz (1995), Collin- Dufresne and

Goldstein (2001) and Huang and Huang (2003).
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In the next section, we are going to describe first the Merton model and then discuss some

models that derive from it.

I-First generation structural-form models: Merton Model

A- Default and valuation

The structural models consider that the default occurs if the value of the assets falls below a

critical value associated with the firm’s liabilities.

Let’s consider the simple set-up examined by Merton (1974): The model considers a

corporation financed through a single debt and a single equity issue. The debt comprises a zero-

coupon bond with notional value L maturing at time T. There are no payments until T, and

equity holders will wait until T before they decide whether to default or not (If they defaulted

before T they would forgo the chance of benefiting from an increase of the asset value). The

equity pays no dividends.

Consequently, the default probability will be the probability that at maturity T, the value of

the asset is below the bond’s maturity value L. To determine this probability, we need to specify

the probability distribution of the asset at maturity T.

Figure 1.1 : Default probability in the Merton Model (wiley.credit risk modeling using VBA and Excel)
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The most widely assumption used in stock price behavior is that the value of financial assets

follows a log normal distribution. Let’s take σ² the per annum variance of the log asset value

changes, the expected change per annum in log asset value is denoted by µ-σ²/2 where µ is the

drift parameter. Let t denote today. The log asset value in T thus follows a normal distribution

with the following parameters:

If we know the parameters: L, At, µ and σ² , determining the default probability will be easy. In

general, the probability that a normally distributed variable x falls below z is given by Ф [(z-

E[x])/σ(x)], where Ф is the cumulative standard normal distribution. Applying this result to our

case, we get

The term distance to default (DD) refers to the number of standard deviations, the expected asset

value At is away from the default. We can therefore write

For a typical firm, we cannot observe the market value of assets. What we can observe are book

values of assets, which can diverge from market values for many reasons. If we don’t observe

asset values, we don’t know today’s asset value At needed for formula above. In addition, we

cannot use observed asset values to derive an estimate of the asset volatility σ.

Option pricing theory can help as it implies a relationship between the unobservable (At,σ) and

observable variables. For publicly traded firms, it’s too easy to determine the market value of

equity since it is given by the share price multiplied by the number of outstanding shares. At

maturity T, we can establish the following relationship between equity value and asset value: As

long as the asset value is below the value of liabilities, the value of equity is zero as all assets are

claimed by the bondholders. If the asset value is higher than the notional principal of the zero-
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coupon bond, however, equity holders receive the residual value, and their pay-off increases

linearly with the asset value.

Mathematically, the pay-off to equity holders can be described as

This formula is precisely the payoff of a European call option. The underlying of the call are the

firm’s assets; the call’s strike is the liability L. Using a put-call parity, the pay-off to bondholders

corresponds to a portfolio composed of a risk-free zero-coupon bond with notional value L and a

short put on the firm’s assets, again with strike L.

Considering a geometric Brownian motion with volatility σ and no dividends payments, the

equity value can be determined with the standard Black–Scholes call option formula. Further, the

model makes all the other simplifying assumptions of the Black-Scholes (1973) option pricing

formula which are:

1. Constant return and volatility

2. No transaction costs

3. No dividends

4. No riskless arbitrage

5. Security trading is continuous

6. Risk free rate is constant for all maturities

Figure 2;1 Pay off to equity and bondholders at maturity T



Credit Risk Modeling 2008

[KBABRA Tajania] Page 8

7. Short selling proceeds is permitted

Accordingly, the firm's equity can be valued at any time T as:

We can similarly value the firm's debt as:

F= L Ф(-d2)– At Ф(-d1)

Note that we discount the payment L at the risk free rate because the model supposes that

payment is risk-free.

Where:

We have only one equation, but two unknown variables. One solution can be to get available

information from the past. There are several ways of using this information, and we illustrate two

different ones in the next sections.

Criticism and Extensions

The main advantage of Merton’s model is that it allows to directly applying the theory of pricing

European options developed by Black & Scholes (1973). But to do so the model needs to make

the necessary assumptions to adapt the dynamics of the firm’s asset value process, interest rates

and capital structure to the requirements of the Black-Scholes model.

Merton (Merton 1974) also presents some extensions to the BS model, in order to account for

coupon bonds, callable bonds and stochastic interest rates.

The most important characteristic of Merton’s model is the restriction of default time to the

maturity of the debt, not taking into consideration the possibility of an early default, no matter

what happens with the firm’s value before the maturity of the debt. If the firm’s value falls down
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to minimal level before the maturity of the debt, but it is able to recover and meet the debt’s

payment at maturity, the default would be avoided in Merton’s approach.

Another disadvantage of the model is that Merton limits the capital structure of a firm to a simple

zero coupon bond but in reality the structure is much more complicated.

Geske (1977, 1979) considers the debt structure of the firm as a coupon bond, in which each

coupon payment is viewed as a compound option and a possible cause of default. At each

coupon payment, the shareholders have the option either to make the payment to the

bondholders, obtaining the right to control the firm until the next coupon, or to not make the

payment, in which case the firm defaults. Geske also extends the model to consider

characteristics such as sinking funds, safety covenants, debt subordination and payout

restrictions.

The assumption of a constant and flat term structure of interest rates is other major criticism the

model has received. Jones et al. (1984) suggest that “there exists evidence that introducing

stochastic interest rates, as well as taxes, would improve the model’s performance.” Stochastic

interest rates allow introducing correlation between the firm’s asset value and the short rate, and

have been considered, among others, by many authors: Nielsen et al. (1993) and Longstaff &

Schwartz (1995).

Another characteristic of Merton’s model, which will also be present in some of the First

Passage Models, is the predictability of default. Since the firm’s asset value is modeled as a

geometric Brownian motion and default only may happen at the maturity of the debt, it can be

predicted with increasing precision as the maturity of the debt comes near. As a result, in this

approach default does not come as a surprise, which makes the models generate very low short-

term credit spreads.

Delianedis & Geske (2001) study the proportion of the credit spread that, in a corporate bond

data set, is explained by default risk, using the Merton (1974) and Geske (1977) frameworks.

They conclude that it only explains a small fraction of the credit spreads; the rest is attributable

to taxes, jumps, and liquidity and market risk factors. They also include a jump component in the

Merton model and find that “the jump diffusion process cannot explain the difference between

credit spread and default spread without implying unreasonable equity volatility when compared

to actual equity volatility.”

II-Second generation structural-form models
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FPMs have been extended to account for stochastic interest rates, bankruptcy costs, taxes, debt

subordination, strategic default, time dependent and stochastic default barrier, jumps in the asset

value process, etc. Although these extensions introduce more realism in the model, they

increment the analytical complexity.

2- Stochastic interest rate

Interest rates can be considered either as a constant or as a stochastic process. The stochasticity

of interest rates allows the model to introduce correlation between asset value and interest rates,

and to make the default threshold stochastic, in the cases it is specified as the discounted value of

the face value of the debt. Nielsen et al. (1993) and Longstaff & Schwartz (1995) consider a

Vasicek process for the interest.

2-1 Vasicek process

The Vasicek process is a one factor mathematical model that describes interest rate movements

as driven by one source of market risk. The model is used in interest rate derivatives and has also

been adapted to credit market.

The model specifies that the instantaneous interest rate follows the stochastic differential

equation:

where Wt is a Wiener process modeling the random market risk factor. σ is The standard

deviation that determines the volatility of the interest rate.

Vasicek's model was the first one to capture mean reversion. As opposed to stock prices, interest

rates cannot rise indefinitely. Similarly, they cannot decrease indefinitely. As a result, interest

rates move in a limited range, showing a tendency to revert to a long run value.

The drift factor a(b − rt) represents the expected instantaneous change in the interest rate at time

t. The parameter b represents the long run equilibrium value towards which the interest rate

reverts.

In the absence of shocks (dWt = 0), the interest remains constant when rt = b. The parameter a,

governing the speed of adjustment, needs to be positive to ensure stability around the long term

value. For example, when rt is below b, the drift term a(b − rt) becomes positive for positive a,

generating a tendency for the interest rate to move upwards (toward equilibrium).

2-2 The model of Longstaff and Schwartz (1995)
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Longstaff and Schwartz (1995) extend the Black-Cox model to the case when the risk-free

interest rate is stochastic and follows the Vasicek (1977) process. In the LS model, the value of

assets interacts with a stochastic risk-free rate of return. The correlation between the two random

variables is assumed to be negative, which intends to capture the effect of higher interest rates on

the macro economy.

The default boundary is pre-determined. When default occurs bondholders receive a fraction of

(1-β) of the face value of the debt at maturity. In the original LS model the payout ratio of the

asset value process is assumed to equal zero. Here we assume the asset value follows the

stochastic process.

B- Models with an endogenous default boundary

The Leland and Toft (1996) model considers the firm’s capital structural in an environment

where there are corporate tax benefits and bankruptcy costs. They presume that debt has an

arbitrary maturity and is continuously rolled over.

This structure assures that total outstanding principal and coupon payments, as well as average

debt maturity, remains constant through time, even though each individual bond has a life that

shortens with time. This stationary capital structure implies that the optimal default boundary

remains constant through time, although its level now depends upon the maturity of debt issued

as well as the other parameters of the model.

The model considers also that the equity holders can optimize the capital structure by finding the

lowest bankruptcy trigger such that the equity and firm asset values are maximized at the

expenses of the debt holders.

From the options perspective, equity value is call option on the firm’s asset with an exercise of

the debt face value and a time horizon of bond’s maturity. On the other hand, by issuing debt, the

firm enjoys tax benefits. However, with an increasing financial leverage, the firm is exposed to a

growing probability of default. Once default happens, the equity holders will get nothing and

bond holder will get whatever is left less the cost of financial distress.

Bondholders have an incentive not to let the bankruptcy happen if a renegotiation can resolve the

distress because of the bankruptcy costs while they prefer to force a bankruptcy to prevent the

bankruptcy trigger going to much lower than the face value of debt.

The asset of an unleveraged firm, V, follows a continuous diffusion process:





Credit Risk Modeling 2008

[KBABRA Tajania] Page 14

The Structural models are based on reasonable and simplified assumption that it is the result of

the value of the asset falling below the value of the debt. However, structural models are not

suitable when there is need for rapid and accurate pricing of many credits related securities. For

example pricing subordinated debt requires in the same time the valuation of all of the more

senior debt. Structural models are also computationally burdensome. For instance the pricing of a

defaultable zero coupon bonds are as difficult as pricing an option. Just adding coupons

transforms the problem into the equivalent of pricing a compound option Moreover, structural

models are not suitable marking to market of credit contingent securities because their difficulty

to calibrate.

Instead, a structural model is more likely to be able to predict the credit quality of a corporate

security than a reduced form model. It is a useful tool in the analysis of counterparty risk for

banks and in the risk analysis of portfolios of securities. Structural models can be also used to

analyze the best way to structure the debt and equity of a company.

Chapter 2: Reduced - form and incomplete information models

A- Reduced-form model

“Structural models assume that the modeler has the same information set as the firm’s
manager—complete knowledge of all the firm’s assets and liabilities. In most situations, this
knowledge leads to a predictable default time. In contrast, reduced form models assume that the
modeler has the same information set as the market—incomplete knowledge of the firm’s
condition. In most cases, this imperfect knowledge leads to an inaccessible default time. As such,
we argue that the key distinction between structural and reduced form models is not whether the
default time is predictable or inaccessible, but whether the information set is observed by the
market or not. Consequently, for pricing and hedging, reduced form models are the preferred
methodology” Jarrow 2004

Reduced form models were originally introduced by Jarrow and Turnbull (1992) and Duffie-

Singleton models. Both types of models are arbitrage free and employ the risk-neutral measure to

price securities. Unlike structural-form models, reduced-form models do not condition default on

the value of the firm. In addition to that, reduced-form models introduce some assumptions on

the dynamic of both probability of default and Recovery rate. Generally, reduced-form models

assume an exogenous RR that is independent from the PD.

More specifically, they take as primitives the behaviour of default-free interest rates, the RR of

defaultable bonds at default, as well as a stochastic intensity process for default. At each instant
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there is some probability that a firm defaults on its obligations. Both this probability and the RR

in the event of default may vary stochastically through time. The stochastic processes determine

the price of credit risk. Although these processes are not formally linked to the firm’s asset

value, there is presumably some underlying relation, thus Duffie and Singleton (1999) describe

these alternative approaches as reduced-form models. Reduced-form models fundamentally

differ from typical structural-form models in the degree of predictability of the default. A typical

reduced-form model assumes that an exogenous random variable drives default and that the

probability of default over any time interval is nonzero. Default occurs when the random variable

undergoes a discrete shift in its level. These models treat defaults as unpredictable Poisson

events. The time at which the discrete shift will occur cannot be foretold on the basis of

information available today. Using the Duffie and Singleton (1999) framework, Duffee (1999)

finds that these models have difficulty in explaining the observed term structure of credit spreads

across firms of different qualities. In particular, such models have difficulty generating both

relatively flat yield spreads when firms have low credit risk and steeper yield.

1- Poisson Process

A Poisson process is one of the most important classes of stochastic processes. It is a pure jump

process: a process that changes instantaneously from one value to another at random times. The

following is a simulation of a standard Poisson process (where the jump sizes are restricted to 1).

Let’s consider a counter which counts the number of some defined event occurring from an

initial point in time. Let’s denote Nt the value of this counter at time t.
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default. As a result, it is possible to have scenarios for the J-T model wherein the recovery

payment may exceed the price of the bond at the time of default because the recovery rate is an

exogenously specified percentage of the risk free bonds.

In contrast, the model proposed by Duffie Singleton allows the recovery payment to occur at any

time and restricts the amount of recovery to be a fixed fraction of the non default bond price at

the time of default. The rationale for this assumption is as a corporate bond’s credit quality

deteriorates, its price falls. At the time of default, the recovery price will be some fraction of the

final price that prevailed prior to default and a s a result one does not encounter the shortcoming

of the J-T model that prices can be greater than the price prior to default.

B- Incomplete information models

Structural and reduced form model don’t take into account that the information the investors use

may be imperfect. For example, structured models are based on the firm value correctly

evaluated by the market. This evaluation is based on accounting standard that does not reflect the

true economic state of a corporation. Incomplete information models consider imperfect

information reported in financial statement. Delayed information, such as those available to

market participants, transform structural models into reduced-form intensity based models

(Hybrid model, Collin-Dufresne et al. (2004), Giesecke and Goldberg)

Chapter 3- Recent credit risk models

A- KMV Merton Model

The KMV-Merton model applies the framework of Merton (1974). The model assumes that the

underlying value of each firm follows geometric Brownian motion and that each firm has issued

just one zero-coupon bond. If the model’s strong assumptions are violated, it should be possible

to construct a reduced form model with more accuracy.

The KMV-Merton default forecasting model produces a probability of default for each firm in

the sample at any given point in time. To calculate the probability, the model subtracts the face

value of the firm’s debt from an estimate of the market value of the firm and then divides this

difference by an estimate of the volatility of the firm (scaled to reflect the horizon of the

forecast).

The resulting z-score, which is referred to as the distance to default, is then substituted into a

cumulative density function to calculate the probability that the value of the firm will be less

than the face value of debt at the forecasting horizon. The market value of the firm is simply the
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portfolio models. Moody’s KMV has assembled the largest public and private company default

and loss database in the world. This database contains 30 years of information on over 6,000

public and 150,000 private company default events for a total of 50,000 public and 2.2 million

private companies, healthy and distressed, around the world.

Public company EDF credit measures are based on extracting collective, real time in formations

from markets globally. A public firm’s probability of default is calculated from three drivers, the

market value of it’s assets, it’s volatility and it’s current capital structure.

Private companies EDF measures are provided by the world’s largest private company database,

Moody’s KMV proprietary Credit research Database. A network of Moody’s KMVnRiskCalc

has been created in order to capture the drivers of default for private firms across a wide array of

countries (75% of Global GDP).

Moody’s KMV EDF credit measures have been tested on over 29 years of data representing over

4,000 defaults in the United States alone, as well as on smaller samples in various countries

around the globe. The model Outperforms internal and agency ratings, simple Merton models

and statistical scoring models in anticipating credit events and default.
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EDF means Expected Default Frequency—the probability that a firm will default within a given

time horizon. We provide EDF term structures out to 5 years. EDF Ranges from 2 to 2000 basis

points.

A company with a current EDF credit measure of 2% has a 2% probability of defaulting within

the next twelve months. If we create a portfolio of 1000 such companies, on average, 20 default

over the next year, and 980 do not.

A company with a 2% EDF credit measure is 10 times more likely to default than a firm with a

0.20% EDF credit measure.

B- CreditMetrics

CreditMetrics is the first readily available portfolio model for evaluating credit risk created by JP

Morgan to measure the risk associated with default issues. It is based on the estimation of the

forward distribution of the changes in value of a portfolio at a given time horizon (one year) by

using the Monte Carlo simulation. Each obligor is assigned a credit rating, and a transition

matrix is used to determine the probabilities that the obligor’s credit rating will be upgraded or

downgraded, or that it defaults. Although default represents the most extreme value

deterioration, a credit instrument can also decline in value when the obligor is downgraded.

Following in the tradition of RiskMetrics™, CreditMetrics™ creates an industry benchmark that

quantifies the credit risks of the world’s largest market (estimated at trillions of dollars).

The CreditMetrics methodology calculates the possible values of a risky portfolio at some time

in the future by randomly simulating the credit quality of each obligor and estimating the

probability of such values occurring. The credit instruments are then repriced under each

simulated outcome, and the portfolio value is simply the aggregation of these prices.

CreditMetrics enables companies to consolidate credit risk across its entire organization, and

provides a statement of value-at-risk (VaR) due to credit caused by upgrades, downgrades, and

defaults.

CreditMetrics as other approaches assumes no market risk since forward values and exposures

are simply derived from deterministic forward curves.

The aim of CreditMetrics approach:
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Where cov is the covariance and σ is the standard deviation. The random variable is the default

indicator yi that takes the value 1 if obligor i defaults and 0 otherwise so that the default

correlation will be:

Inserting the notation into the previous definition we have :

Let’s denote the default probability Prob(yi=1) by pi and exploiting the fact that Prob(yi=1) is

equal to E(yi)

We get:

This is equal to the variance of a Bernoulli variable with success probability pi

We use the formula E(X1:X2)= E(X1) + E(X2) + cov(X1,X2) on our case to express the

covariance in terms of default probabilities. This implied:

Where pij is the joint default probability Prob(yi=1,yj=1). Consequently, the default correlation is

completely specified by the individual and the joint default probability.

(1)

(2)

(3)

(5)

(4)
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In a portfolio with 1000 obligors, there are 1000² −1000/2=499 500 default correlations which

are too much to specify.

In practical applications, some simplifying structure exists in order to reduce the number of

parameters to be estimated. Instead of directly imposing the structure on default correlations

themselves, it is more convenient to first represent defaults as a function of continuous variables

and then to impose structure on these variables.

B- The asset value approach

1- The method of moments

This method is used to calibrate the asset value approach to default probability.

Let’s Dt denote the number of obligor that will default in a period T and Nt the possible number

of obligor that risk to default at the beginning of a period T.

Let’s also assume that one period in one year. The annual default rate can be computed:

Annual default rate= Dt/Nt

The default average over T period is equal to:

For simplification, we assume that all the obligor have the same probability of default and also

that the joint default probability is equal for all borrowers. The joint default probability can be

estimated by a similar way as the default probability. Using the combinatorial analysis we

determine the number of pairs of defaulters as:

The maximum number of defaulter is equal to:

(6)
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The joint default rate in year t:

The estimator for the joint default probability takes the average from the observed annual joint
default rates:

The asset correlation can be estimated using the bivariate standard normal distribution

Where di=dj=Ф-1(p) the default threshold. Numerical procedures are used to solve this equation.

Specifying the default thresholds and the asset correlation in this way is an application of the

method of moments. In this method, one calibrates unknown parameters such that the model

results match empirical estimates of moments. The two moments used here are E(yi)=pi and

E(yi,yj)=pij.

Recall that the bivariate standard normal distribution is a distribution with probability function

where

and
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Applied to the asset value approach, the maximum likelihood principle consists on determining

default probabilities and factor sensitivities such that the probability (=likelihood) of observing

the historical default data is maximized.

First we need an appropriate distribution function to describe the default behavior. To derive this

distribution function, we use the concept of a conditional default probability.

C- The Gaussian Copula Model for Time to Default

The pricing of synthetic CDOs requires the modeling of joint loss distributions of the portfolio of

underlying credits. One common market model is the Gaussian copula to model the correlated

defaults of credits over different time horizons. This model was suggested by Vasicek in 1987

and it was first applied to credit derivatives by Li (2000) and Gregory and Laurent (2003).

The clever trick is to separate the distribution for default for each individual name from the

dependence structure between those names.

The Gaussian copula model is a reduced form default correlation model that becomes the

technique the most used. The model quantifies the correlation between the times to default for

two different companies. It assumes, implicitly that all companies will eventually default.

Let’s denote

t1: the time to default of company 1

t2: the time to default of company 2

If the probability distribution of t1 and t2 were normal, we could assume that the joint probability

distribution of t1 and t2 is bivariate normal.

And because usually the probability distribution of a company’s time to default is not even

approximately normal, the role of the Gaussian copula model appears.

Let’s take Q1 and Q2 the cumulative probability distribution of t1 and t2 and N-1 is the inverse of

the cumulative normal distribution

We transform t1 and t2 into new variables x1 and x2 that have standard normal distribution and

where:

N(x1) =Q1 (t1) x1= N-1(Q1 (t1))

N(x2) =Q2 (t2) x2= N-1(Q2 (t2))
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